The subtle differences between positive and negative pion spectra can used be used to study the nature of the nuclear interaction region in heavy-ion collisions. Several large acceptance heavy ion experiments at facilities ranging from SIS, the AGS, the SPS, to RHIC have measured mid-rapidity π + and π − spectra for central Au+Au or Pb+Pb collisions. From these spectra one can create pion ratios as a function of mt − m0, which are used to determine the Coulomb potential, VC , and the initial pion ratio, Ri, across a range of collision energies from 1 to 158 AGeV. The implications of the VC and Ri trends with collision energy will be discussed.
I. INTRODUCTION
In heavy-ion collisions, the subtle structure of the pion spectra can be used to image the positive charge density of the expanding fireball. The source has a net positive charge from the incident protons in the projectile and target. The Coulomb force resulting from this net charge accelerates each charged particle emitted from the source, and in doing so changes its final (observed) energy. Positively charged particles get a modest increase in kinetic energy while negatively charged particles are reduced. For the purposes of this paper, it is assumed that the 'initial-state' consists of particles that are emitted from a thermally equilibrated volume that has reached chemical and kinetic freeze-out; the Coulomb interaction is considered to be a 'final-state'interaction. These final-state Coulomb interactions distort the initial thermal spectra. This distortion can best be observed by comparing spectra of particles with the same mass but opposite charge. The effect is greatest for the lightest particles, the pions. The magnitude of the boost or reduction in kinetic energy is proportional to the Coulomb potential, V C , which is determined by the charge distribution of the source and the emission point of the pion. Thus by studying the details of the pion spectra, one can effectively image the charge density of the source at kinetic freeze-out.
A relative enhancement, at low transverse momentum, of the negative pion yield with respect to that of the positive pions was first observed in heavy-ion experiments at the Bevalac [1] [2] [3] [4] . These early results were explained as evidence of the positive Coulomb potential of the source. A similar enhancement of π − 's at low m t (m t = p 2 t + m 2 ) was observed in silicon-induced heavyion reactions at the Alternating Gradient Synchrotron (AGS) [5, 6] . Early theoretical work [7] [8] [9] [10] [11] [12] described these results in terms of emission from a static Coulomb source. Interpretation of these results is confounded by the difficulties in determining the impact parameter, source velocity, and source size in asymmetric heavy-ion collisions.
Pion spectra and ratios have been measured in symmetric collisions of the heaviest nuclei (Au+Au and Pb+Pb) at facilities ranging from SIS [13] [14] [15] , the AGS [16] [17] [18] [19] [20] , the SPS [21] [22] [23] [24] [25] [26] [27] [28] , to RHIC [29] . Several groups have analyzed the pion ratios to study the effect of the Coulomb potential. The KaoS group (at SIS) used a static model to analyze their mid-rapidity pion ratio data from 1 AGeV Au+Au collisions. They concluded that, in general, the freeze-out radius is a function of pion energy with the high energy pions freezing out first [14] . In a second study of the same data, they found the 'initial' pion ratio, R i , to be 0.515±0.05, and the V C to be greater than 20 MeV [30] . A similar analysis of the E866 midrapidity 10.8 AGeV Au+Au data [16] found R i = 0.83 and V C = 9 ± 3 MeV. This beam energy dependence is not unexpected.
The overall pion ratio is heavily influenced by the isospin asymmetry at low energy. As one increases the energy available for pion production, this ratio should approach unity. The Coulomb potential is a function of both the charge of the system and the source radius. The net charge of the interaction region is determined by the number of participant protons in the overlap volume of the projectile and the target and the degree of baryon stopping at a given bombarding energy. The observed decrease in V C with beam energy is therefore indicative of either expansion or of a reduction in baryon stopping. These trends should be compared to the results from E877, an experiment in which pion ratios are studied at beam rapidity and higher. They find values of the 'overall' pion ratio, R = 1.09±0.20 and V C = 31±22 MeV [19] . The distinction between the 'initial' pion ratio, R, and the 'overall' pion ratio R will be discussed later in this paper. Mid-rapidity pion ratio data are also available from the top energy at the SPS. NA44 has reported pion ratios which showed evidence of a Coulomb effect [21] . WA98 reported pion ratios which are consistent with a finite Coulomb potential [22, 23] . They followed up this study with a more extensive analysis in which they related the source potential to the freezeout time [24] . NA49 has studied pion ratios in peripheral collisions [31] ; these results are explained in terms of isospin effects, time of initial pion emission, size of the pion source, and the Coulomb force [32] .
Theoretical analyses were developed to include the Jacobian factor, d
3 p i /d 3 p, [33] , and the effects of radial expansion and pion emission time [34] [35] [36] [37] . Ref. [36] concluded that: the SIS data are consistent with V C = 27 MeV corresponding to a freeze-out radius of 8 fm, the AGS data are consistent with a radius of 10 fm, and the early SPS data (NA44) are consistent with a 9 fm radius. A full transport model calculation [38, 39] was also applied to these data. In that analysis, the freezeout radius was also found to be 10 fm for the AGS and SPS data sets. Pion emission in heavy-ion collisions in the region 1 A GeV is investigated in an isospin dependent quantum molecular dynamics model in ref [40] . This analysis demonstrates that in this energy range pions are produced mostly through the ∆ and * N channels. In summary, for experimental mid-rapidity data, the Coulomb potential is observed to decrease with bombarding energy while the pion ratio rises. The theoretical analyses suggest an increase in freeze-out radius, which would correspond to a reduction in V C , for beam energies from 1 to 10.8 AGeV.
In this paper, we review and analyze a range of available experimental data. We focus specifically on the low m t − m 0 (< 0.3 GeV/c
2 ) region, as this is where the Coulomb potential has the biggest influence on the spectra and the ratios. We specifically have looked for data sets which extend to the lowest m t ; this allows a more detailed study of the effect of expansion on the slow pions. We have not considered data for collision energies below 1 AGeV. Although the threshold for inelastic nucleonnucleon collisions is 0.3 GeV, the cross sections for the various N +N → N +π reactions rise rapidly from 0.3 before saturating at 1.0 GeV [41] . Also, we will not present results from bombarding energies above 158 AGeV. Although there are a wealth of spectra data from RHIC and the LHC, the degree of baryon stopping is very low at these higher energies, resulting in a very small Coulomb potential which would only be seen at the lowest end of the m t − m 0 spectra. None of the RHIC or LHC experiments have especially low m t −m 0 thresholds, therefore it is not possible to extract meaningful Coulomb potentials from those data.
II. RESULTS Figure 1 shows the transverse mass spectra at midrapidity for both positive and negative pions from central Au+Au or Pb+Pb collisions at beam energies from 1 to 42 AGeV (references are given in the figure caption). We note that 42 AGeV is the fixed-target equivalent energy to the √ s N N = 9.2 GeV test run at RHIC from which π ± spectra were published by the STAR Collaboration [29] . We also note that several energies which were studied at the SPS are not represented in this figure. Although NA49 has published π − spectra at 40, 80, and 158 AGeV [27] , they have not published π + spectra at these energies. WA98 has published pion ratios at 158 AGeV, however they too have only shown their π − spectra. NA44 has shown both π − and π + spectra at 158 AGeV, however their acceptance slice only allows low m t −m 0 pions away from mid-rapidity. Although the positive and negative pion spectra are very similar in slope for m t − m 0 > 0.1 GeV/c 2 , a clear difference in the shape of the respective spectra is evident below 0.1 GeV/c 2 for all beam energies. In reference [20] , the pion spectra were fit with the superposition of two independent Boltzmann distributions. The two contributions were interpreted to approximately represent the pion yields coming from ∆ resonance decays (low temperature component) and from direct thermal emission of pions (high temperature component). Studies with RQMD [42] supported this general interpretation. The high temperature parameter was required to be the same for both the negative and positive pions for each beam energy. However, the low temperature parameter was determined independently.
In this paper, we address the details of the low m t −m 0 shapes and amplitudes of the π + and π − spectra in terms of the Coulomb potential from an expanding source. This interpretation of the pion spectra does not contradict the previous studies [20, 42] . The fact that the low m t pions are predominantly daughters of ∆ resonance decays [13, 43, 44] explains the difference in the relative yields of the two charges of pions. However, ∆ resonance production does not explain the difference in spectral shapes. The Coulomb interaction modifies the initial spectral shapes as we show in this paper.
In the analysis outlined here, the shapes of the initial spectra (i.e. at hadronic freeze-out) are assumed to have been the same for both the positive and negative pions, however the initial yields of the two charges are different. The ratio of the initial yields is the 'initial' pion ratio R i . After freeze-out, the final-state Coulomb interaction modifies the initial spectra, resulting in the final spectra. The final energy (E f = m t cosh y) is related to the initial energy (E i ) through the addition/subtraction of the Coulomb potential (V C ) for the positive/negative pions:
The result is now an energy dependent final pion ratio (R f (E f )). For a static spherical source, including the proper Jacobian [33] , ( final pion ratio as a function of E f is given by:
where the n ± (E) are the pion emission functions describing the initial π ± spectrum. In general, the pion emission functions in heavy-ion collisions are best represented by a Bose-Einstein distribution, so that:
where T π is the slope parameter and the A ± are the amplitudes characteristic of the initial pion distributions. The initial pion ratio, R i , is defined as A + /A − . In reference [19] , E877 replaced Eqn. (3) with a constant 'overall' pion ratio, R . If one assumes a MaxwellBoltzmann distribution for the initial pion spectra, then R = R i e 2V C /Tπ . However, using a Bose-Einstein form for the initial pion spectra results in an energy dependent emission function ratio, n
, that can not be approximated with a constant R .
The assumption of a static source is not valid for heavy-ion collisions. During the course of the interaction, the protons, which carry the bulk of the source charge, are emitted simultaneously with the pions. Thus the charged source is expanding during the course of the Coulomb interaction. Therefore, the low momentum pions do not experience the full Coulomb potential but rather a reduced potential. This reduced Coulomb potential, as a function of pion momentum, can be calculated by integrating the proton emission function up to a maximum kinetic energy corresponding to the pion velocity,
Assuming that the proton emission function is given by a MaxwellBoltzmann distribution with a characteristic slope parameter T p , the effective Coulomb potential is:
The mid-rapidity pion ratios for beam energies 1 to 158 AGeV are shown in Fig. 2 (references to the experimental data are given in the figure caption). The data are fit to the ratio function as given in Eqn. (2) . The two curves in each panel correspond to either a fixed V C or a V eff given by Eqn. (4) . For these fits, we have fixed the slope parameters of the pion and proton initial distributions to the values given in Table I . The pion initial slope parameters were fixed by simultaneously fitting the π + and π − spectra in the range 0 < m t − m 0 < 0.5 GeV/c 2 to Coulomb-modified Bose-Einstein distributions.
where E f = m t coshy, A ± is a normalization constant, and V ef f is given by Eqn. (4) . These fits are shown by the solid (π − ) and dashed (π + ) curves in Fig. 1 . The pion slope parameters used in this analysis are lower than those reported previously [14, 16, 20] at each beam energy because this analysis focuses on the m t − m 0 region below 0.5 GeV/c 2 , whereas the published slope parameters come from fits to higher m t − m 0 regions of the spectra. The proton slope parameters given in Table I were determined using Maxwell-Boltzmann fits to spectra data from previous publications [26, [45] [46] [47] [48] [49] [50] [51] [52] [53] . For this analysis, the fit range was limited to 0.25 < m t −m 0 < 1.0 GeV/c 2 . The slope parameters used in this analysis are similar to those cited by the authors of the original studies.
The fits to the pion ratio data in Fig. 2 were achieved with two free parameters, the Coulomb potential, V C , and the initial pion ratio, R i . It is evident that the low m t − m 0 data points are better fit by the effective potential (solid curve) than by a fixed V C (dashed curve). The magnitude of the correction due to the effective Coulomb potential of Eqn. (4) is determined by the proton slope TABLE I. Tπ and Tp are slope parameters describing the pion and proton spectra. These are fixed parameters in the fits to the pion ratio data using Eqn. (2) with the effective Coulomb potential given in Eqn. (4) . These fits are shown by the solid curves in Fig. 2 parameter. To test our assumptions, we have allowed the proton slope parameter to be a third free parameter. In these cases we found T p to be consistently 30-50 MeV greater than the published values. This systematic discrepancy comes from the radial flow of the protons [54] . The Maxwell-Boltzmann distribution which was used to fit the proton spectra does not include the effect of radial flow and consistently overestimates the proton spectra at low m t − m 0 . The pions are sensitive to the lower energy range and as a result a higher proton slope parameter is suggested. We note that using the V eff in the fits increases the V C required to match the observed results. Therefore, our extracted values of V C for the KaoS and E866 data are higher than those reported by their respective collaborations [14, 16, 30] . There is some covariance between V C and R i , thus our R i values are also slightly lower than those reported by KaoS and E866. The V C and R i values we find using the effective Coulomb potential are reported in Table I . We observe a monotonic decrease in V C and a monotonic increase in R i as √ s N N increases.
The total charge of the interaction region is determined by the number of participating protons and the degree of stopping for a given collision energy. All of the data considered are either from central Au+Au collisions or central Pb+Pb collisions, therefore the data sets correspond to pion emission from sources with similar number of participating nucleons (estimates range from 312 [29] to 366 [52] participating nucleons) and similar initial overlap volume. With a static source, the Coulomb potential is determined by the source charge distribution and the emission point of the pion. In this simplistic model, the monotonic decrease in V C seen in the top panel of Fig. 3 would correspond to an increase in the emission radius with increasing beam energy or a reduction in the net charge of the equilibrated system. For all beam energies, the interaction region is first defined by the overlap of the two colliding nuclei. A larger source size would imply that there had to have been a period of expansion of the source prior to freeze-out, which negates the overly simplistic static model. Indeed, there is much evidence that heavy-ion collisions create an expanding source which can be characterized by both radial and longitudinal flow velocities. The reduction in V C with beam energy is related to changes in both the size and the shape of the charge distribution at freeze-out. However, the reduction in the V C could also indicate that there was less net-charge in the interaction region due to a reduction in the baryon stopping with increased beam energy. To address this point, we have displayed the mid-rapidity net-proton dN/dy values scaled by the number of participating nucleons in the same top panel of Fig. 3 which also shows the V C values. Since we are concerned with the charge of the interaction region, we subtract the antiproton dN /dy from proton dN /dy to get the net-proton values. These net-proton dN /dy values are empirically fit with an exponential function which roughly describes In open symbols the normalized net-proton rapidity densities are shown, (dN /dy)y=0/Npart; their axis label is on the right-hand side. The curve in this panel is an empirical fit to the net-proton dN /dy data. The proton rapidity density results are from references [29, 47, 49, 51, 52] . The lower panel shows the initial pion ratio, (Ri), extracted from the pion ratio fits as a function of center-of-mass energy. The fit to the data illustrates a smooth transition from pion production exclusively through the ∆ resonance channel at the lowest collision energies to thermal production at the highest energies.
the trend. The V C values track the decrease in net-proton dN/dy. This suggests that the V C is primarily measuring the charge of the net-charge of the interaction region and the implication is that the emission radius remains unchanged across the range of bombarding energies considered. This final conclusion is consistent with the trends observed for the sidewards pion source radius (R side ) as measured in two-pion femtoscopy. In those femtoscopy studies, R side is observed to be approximately 5 fm for all √ s N N from 2.5 to 200 GeV [55] .
The monotonic increase in the initial pion ratio, R i , with beam energy seen in the lower panel of Fig. 3 suggests a change in the pion production mechanism. At the lowest reported energies, R i is slightly below 0.5. This ratio value is expected if all pions were created in first-chance nucleon-nucleon collisions that proceeded through the ∆ resonance. This value is determined by the neutron-to-proton ratio in the the central interaction regions of Au+Au collisions. From the numbers of participating protons and neutrons, the relative numbers of pp, np, and nn collisions can be calculated. As the cross sections for the various N + N → N + N + π channels are known [41] , one can calculate the expected π + /π − ratio. From Glauber Monte Carlo models using σ N N = 45 mb (which is applicable for center-of-mass energies around 2.5 GeV), we estimate that for the 0-5% central Au+Au data there should be 136 and 218 participating protons and neutrons respectively. Using the pion production cross sections from [41] , we estimate a π + /π − ratio of 0.47. It is also possible to estimate the relative yields of π + and π − , assuming that all pions are created though an intermediary ∆ resonance. Using the isospin of the initial and final states, one can calculate the relative production ratios for the various charge states of the ∆ resonance and the relative decay ratios of the ∆ + and the ∆ 0 . Using the same number of participating protons and neutrons indicated above and the analysis which exclusively requires production through ∆ resonance channel in first chance collisions, we expect an R i of 0.46. Both of these methodologies reproduce the R i value extracted using the pion spectra from SIS [14, 15] at 1 AGeV ( √ s N N = 2.33) suggesting that π production proceeds primarily through the ∆ resonance at this energy. The increase in R i with beam energy suggests that an increasingly larger fraction of pions are formed in isospin independent direct production. Direct production of pion pairs would lead to an equal number of π + and π − . This conjecture is illustrated by the curve in the lower panel of Fig. 3 . The curve assumes that the cross sections for π production through the ∆ channel remain unchanged with √ s N N . For center-of-mass energies above 2.33 GeV, the cross section for π pair production (σ N N →N N π + π − ) is linearly proportional to ( √ s N N -2.33) GeV. The functional form of the curve is given by:
f (x) = 0.47 + A(log(x) − log(2.33)) 1.0 + A(log(x) − log(2.33))
where the numerator represents the yield π + , the denominator the yield of π − , x is the √ s N N , and A is the slope of the isospin dependent pion production. The qualitative agreement between the curve and the observed R i values suggests that production through isospin independent channels becomes increasingly important with collision energy.
III. CONCLUSIONS
We have presented a comprehensive study of the low m t − m 0 pion ratios for central Au+Au and Pb+Pb collisions from 1 to 158 AGeV. The spectra and ratios are fit using a model that accounts for the Coulomb potential of the source including the effects of the pion emission functions and the radial expansion of the source. The addition of the expansion term gives an effective Coulomb potential which improves the fit for the lowest m t − m 0 data points. At mid-rapidity, V C falls and R i rises monotonically with bombarding energy. The Coulomb potential is found to be consistent with a reduction in the netcharge of the source due to the reduction in stopping as the beam energy is increased, while the rise in the initial pion ratio suggests that the isospin effects become less important.
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